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We realize a nondegenerate parametric amplifier in an ultrahigh Q mechanical membrane res-
onator and demonstrate two-mode thermomechanical noise squeezing. Our measurements are ac-
curately described by a two-mode model that attributes this nonlinear mechanical interaction to a
substrate-mediated process which is dramatically enhanced by the quality factors of the individual
modes. This realization of strong multimode nonlinearities in a mechanical platform compatible
with quantum-limited optical detection and cooling makes this a powerful system for nonlinear ap-
proaches to quantum metrology, transduction between optical and phononic fields and the quantum
manipulation of phononic degrees of freedom.
PACS numbers: 85.85.+j,42.50.-p,62.25.-j,42.50.Dv
The control, measurement and manipulation of meso-
scopic mechanical resonators by coherent optical fields
has garnered widespread attention in recent years for po-
tential applications to quantum metrology as well as to
foundational studies of the quantum-to-classical transi-
tion and the quantum mechanics of macroscopic objects
[1–4]. Notable accomplishments in recent years include
the optical cooling of mechanical modes to the quantum
regime [5, 6] and the detection of mechanical motion with
an imprecision below the standard quantum limit [7, 8].
Building upon these developments, attention has now
been directed towards the creation of nonclassical me-
chanical states and the manipulation of phononic fields in
a manner akin to quantum optics in nonlinear media. In
contrast to the cooling and detection of mechanical mo-
tion, the creation of nonclassical states requires strong
nonlinear interactions involving the mechanical degree
of freedom. Accordingly, several studies have been de-
voted to the realization of such interactions through para-
metric processes [9–13], optically mediated nonlinearities
[14], reservoir engineering [15, 16], dispersive coupling
to an auxiliary quantum system [17, 18], backaction-
evading measurements [19, 20] and active feedback [21–
24]. Notwithstanding the diversity of such schemes, it
has remained a significant challenge to juxtapose strong,
tunable and quantum-compatible nonlinear interactions
with the stringent constraints for ground state cooling
and quantum control of a mechanical resonator.
Here, we demonstrate a strong two-mode nonlinearity
in an ultrahigh quality factor membrane resonator and
use this nonlinear interaction to realize nondegenerate
parametric amplification and two-mode thermomechan-
ical noise squeezing. We develop a model that ascribes
this two-mode nonlinearity to a substrate-mediated in-
teraction between distinct, optically addressable modes
of the resonator and find close agreement between our ob-
servations and the predictions of this model. This com-
bination of strong multimode mechanical nonlinearities,
optical addressability of individual modes, large f × Q
products [25], compatibility with optomechanical cool-
ing to the quantum regime [26, 27] and quantum-limited
optical measurement makes this a powerful system for
quantum-enhanced metrology and the quantum manipu-
lation of phononic fields.
The mechanical resonators in our study are LPCVD
silicon nitride (SiN) membrane resonators manufactured
by NORCADA Inc. The membranes are deposited on sin-
gle crystal silicon wafers and have typical lateral dimen-
sions of 5 mm. In previous work [25], we have identified
the role of the substrate in inducing the hybridization of
proximal eigenmodes and in modifying the dissipation of
the resultant hybridized modes. This leads to the robust
formation of a large number of mechanical modes with
quality factors Q ∼ 50× 106 and f ×Q ∼ 1× 1014 Hz.
In addition to modifying the modal geometry and dis-
sipative properties, the substrate can also mediate and
enhance nonlinear interactions between distinct eigen-
modes of the resonator - a form of reservoir engineer-
ing. This is especially significant for parametric processes
that involve the interaction of two membrane modes me-
diated by a discrete excitation of the substrate, since the
coupling strength is now enhanced by the quality fac-
tor of the relevant substrate mode. In our work, this
nonlinear interaction between mechanical modes at fre-
quencies ωi, ωj is induced by parametrically actuating
the substrate at frequencies near ωi + ωj , either by a
piezo-electric voltage or a photothermal modulation.
A schematic of the experimental system is shown in
Fig. 1. The mechanical motion of the membrane is
optically detected in a Michelson interferometer with
a displacement sensitivity of 0.03 pm/Hz1/2 for typical
powers of 200 µW incident on the membrane. Distinct
eigenmodes are resolved through phase sensitive lock-in
detection. The membrane modes exhibiting the two-
mode nonlinearities studied in this work are characterized
by eigenfrequencies ωi/2pi ≈ 1.5 MHz, quality factors
Q > 10×106, typical mechanical linewidths γi/2pi < 100
mHz and |ωi − ωj | > 106 γi,j . While the large qual-
ity factors are crucial to realizing long coherence times,
the narrow linewidths also pose stringent requirements
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FIG. 1. (a) The resonator consists of a high-stress silicon nitride membrane deposited on a silicon substrate. Proximal
eigenmodes of the membrane resonator (representative eigenfunctions shown) with frequencies ωi,j are coupled via a substrate-
mediated interaction. This two-mode interaction can be controlled by actuating the substrate to an amplitude XS at frequencies
close to ωi + ωj . (b) Experimental schematic: Mechanical motion of the membrane is optically detected in a Michelson
interferometer, with the two membrane modes (i, j) distinguished by phase-sensitive lock-in detection. The eigenfrequency of
a third, high-Q mechanical mode is continuously monitored and acts as a mechanical ‘thermometer’. The resonator modes
are actively frequency stabilized to this thermometer mode by photothermal feedback. In the presence of this feedback, the
frequency stability of each resonator mode is better than 1 ppb over 1000 seconds.
of thermal stability in order to resolve thermomechanical
motion and the presence of non-thermal correlations. To
achieve the requisite frequency stability, the membrane
modes are actively stabilized by photothermal feedback
(see Supplementary Information, see also [28]).
The substrate-mediated coupling between a pair of
membrane modes can be modeled by an interaction
Hij = −gijXSxixj where gij parametrizes the strength
of the two-mode coupling, XS is the displacement of the
substrate (or ‘pump’) mode and xi,j denotes the displace-
ment of the two membrane modes. This interaction can
be attributed to a parametric excitation of a discrete
mode of the substrate at a frequency ωS = ωi + ωj , that
effectively couples the membrane modes. Actuation of
the substrate at this frequency thus leads to nondegener-
ate parametric amplification of the individual membrane
modes.
As is well known in such parametric amplifiers, a suf-
ficiently strong interaction (or a large actuation of the
pump field) leads to an instability and self-oscillation of
the individual membrane modes. In the case of resonant
actuation, our two-mode model predicts a threshold am-
plitude for self-oscillation given by (see Supplementary
Information),
XS,th(g) = 2
√
1
g2
× 1
χiχj
∝
√
1
g2
1
QiQj
(1)
where χ = (mωγ)−1 are the on-resonant mechanical sus-
ceptibilities of the two membrane modes and g is the
strength of the two-mode coupling. The inverse depen-
dence of the threshold pump amplitude on the quality
factors of the high-Q membrane modes leads to strong
nonlinear behavior even for pump displacements on the
order of 10 fm. Past the instability threshold, we observe
amplification of the membrane modes by more than 30
dB (see Fig. 2(a)).
While the parametric amplification of the membrane
modes can be regarded as a down-conversion of substrate
excitations, a related process is the up-conversion of ex-
citations from the membrane into the substrate. In the
absence of substrate motion, actuation of the membrane
modes can lead to coherent transfer of energy from the
membrane into the substrate. From the perspective of ei-
ther membrane mode, this parametric transfer of energy
into the far lossier substrate results in a dissipation rate
that is dependent on the amplitude of the other mem-
brane mode.
To study this process, the mechanical ring-down time
τ of a membrane mode j was measured in the presence of
a large amplitude actuation of its partner mode i. Care
was taken in these measurements to maintain the ampli-
tude of mode j in the linear response regime. The two-
mode upconversion process results in an effective quality
factor Qj(xi) = ωjτ(xi)/2 and an effective mechanical
linewidth γj(xi) = 2/τ(xi) that is in excellent agreement
with the prediction of the two-mode model (see Supple-
mentary Information),
γj(xi) ≈ γS
2
1 + 2γj
γS
−
√
1−
(
xi
ξ
)2  (2)
where γj  γS are the intrinsic mechanical linewidths
of membrane mode j and the substrate mode (see Fig.
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FIG. 2. (a) Parametric amplification of a membrane mode
due to actuation of the substrate. The vertical line indicates
the threshold for parametric instability. The solid green line
indicates the thermomechanical amplitude of the membrane
mode. The dashed grey line shows the detection noise floor.
(b) In the absence of the parametric drive, large amplitude
oscillations of either membrane mode (xi) results in increased
dissipation (and a lower quality factor Qj) of the other mode
due to up-conversion of excitations into the substrate. The
variation of the normalized dissipation (Qj/Qj,0) is well de-
scribed by a characteristic length scale ξ (see text). (c) The
linear dependence of the length scale ξ vs the threshold ampli-
tude for parametric instability, as predicted by the two-mode
model.
2(b)). The length scale ξ denotes the characteristic am-
plitude of mode i when the dissipation rate of the mem-
brane mode j matches that of the substrate, i.e. the
maximal rate of up-conversion of energy from the mem-
brane into the substrate. Due to the large mismatch
between the intrinsic dissipation rates and masses of the
substrate and the membrane, this up-conversion process
requires displacements of the membrane modes that are
more than five orders of magnitude larger than typical
thermomechanical motion, and much larger than the typ-
ical amplitudes of motion considered in this work.
While seemingly distinct processes observed at vastly
differing scales of displacement (fm vs nm), nondegen-
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FIG. 3. Parametric gain versus the phase of the pump ex-
citation. Data shown correspond to normalized pump am-
plitudes µ = XS/XS,th = 0, 0.021, 0.038, 0.042 (red, blue,
green, black). For these data, the threshold for parametric
self-oscillation corresponds to XS = 40 fm. Inset: Estimate
of the pump amplitude from fits to these data agree with the
actual pump amplitude to within 5%.
erate parametric amplification and nonlinear dissipation
due to up-conversion of excitations into the substrate
both owe their origins to the two-mode nonlinearity. In-
deed, the model predicts that the length scale ξ that
parametrizes two-mode control of mechanical dissipation,
can be related to the threshold amplitudeXS,th according
to the relation ξ(g) = 12 (γS/γi)
1/2(χj/χS)
1/2×XS,th(g).
Through independent measurements of parametric am-
plification thresholds and nonlinear two-mode dissipation
for a wide range of membrane mode pairs, we have ver-
ified this linear dependence (see Fig. 2(c)). As can be
seen, the various mode pairs that were studied exhibit
interaction strengths that vary over three orders of mag-
nitude. The close agreement between our measurements
and the predictions of the model over a large dynamic
range of parameters further affirms the robustness and
fidelity of this nonlinear interaction in our system.
Having established the accuracy of our two-mode
model, we now discuss the dynamics of this nondegen-
erate parametric amplifier for a pump field driven below
the threshold XS,th. In this regime, weak actuation of a
membrane mode i (idler mode) results in the phase coher-
ent production of down-converted phonons in the other
membrane mode j (signal mode). This down-converted
field, which has a well determined phase relationship with
the pump and idler fields, can coherently interfere with
any pre-existing signal field. Thus, the gain of the signal
field acquires a strong dependence on the pump phase
φ according to the relation (see Supplementary Informa-
tion)
Gj(φ) =
1
1− µ2
√
1 + µ2η2 − 2µη cosφ (3)
where µ = XS/XS,th is the pump amplitude normalized
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FIG. 4. Steady state thermomechanical two-mode squeez-
ing. Left: Phase space distributions of the quadratures αi, αj
in the absence (blue) and presence (red) of the pump field,
showing the emergence of correlations, i.e. noise squeezing,
due to nondegenerate parametric amplification. Right: The
standard deviations of the cross-quadratures xa, yb (ampli-
fied) and xb, ya (squeezed) vs pump amplitude. The shaded
curves indicate the no-free-parameter prediction of our noise
squeezing model based on independently measured parame-
ters of our system (see SI).
to the threshold amplitude for parametric instability, and
η = (χj/χi)
1/2 × (x¯i/x¯j) where x¯i,j are the amplitudes
of the membrane modes in the absence of the pump.
We demonstrate phase-dependent amplification by si-
multaneously monitoring the amplitudes of the signal
and idler fields in the presence of the pump field. For
these measurements, the signal and idler modes were
weakly actuated while keeping their phases fixed. The
pump (substrate) was actuated to different amplitudes
below threshold while its phase, relative to the signal and
idler, was slowly changed. The phase dependent gain of
the signal mode for different values of the normalized
pump amplitude µ and pump phase φ is shown in Fig. 3.
For these data, the signal mode was actuated to an am-
plitude of 35 × (kBT/mω2j )1/2 while the idler mode was
actuated to an amplitude of 400 × (kBT/mω2i )1/2. The
data show excellent agreement with the above expression,
with observed parametric deamplification exceeding 20
dB. The pump amplitudes extracted from fits to these
data are in agreement with the independently measured
amplitudes to within 5% (Fig. 3 (inset)).
We also note here the important distinction between
the phase-dependent gain as seen in our system and that
observed in a degenerate parametric amplifier. In the
latter case, the maximal deamplification is limited to 0.5
(3 dB) before the onset of parametric instability. In con-
trast, the additional degree of freedom (the idler field)
made available in the nondegenerate amplifier allows for
an arbitrarily large degree of deamplification.
We make use of this nondegenerate parametric am-
plifier to demonstrate thermomechanical two-mode noise
squeezing. In the absence of any actuation, the signal
and idler membrane modes are subject only to thermo-
mechanical noise. In this situation, if the pump field
is driven below threshold, the membrane modes become
highly correlated, with the correlations being manifest as
a squeezing of a composite quadrature formed from linear
combinations of quadratures of the individual membrane
modes. This is the thermomechanical analog of two-mode
squeezing seen in optical parametric amplifiers [29].
To quantify the degree of two-mode squeezing, we con-
struct cross-quadratures from the displacements of the
membrane modes, according to the relations xa,b = (αi±
αj)/
√
2, ya,b = (βi ± βj)/
√
2 where {αi, βi} are the re-
spective quadratures of the individual membrane modes
normalized to thermomechanical amplitudes. Phase-
space distributions of these quadratures, accumulated
over typical durations of 300 s, are shown in Fig. 4. The
phase space distributions, which are symmetric in the ab-
sence of down-conversion, acquire a large ellipticity for
increasing amplitudes of the pump field. The data are in
very good agreement with our two-mode thermomechan-
ical noise squeezing model (see Supplementary Informa-
tion). While an arbitrarily large degree of squeezing may
be obtained for specific phase relationships between the
signal, idler and pump fields, our noise squeezing model
predicts that the maximal degree of steady-state ther-
momechanical squeezing is limited by thermal averaging
across all possible phases between the fields. Nonethe-
less, by harnessing weak measurements and feedback, we
estimate that mechanical squeezing of more than 40 dB
may be obtained with our demonstrated parameters.
In summary, our demonstration of nondegenerate
parametric amplification in a mechanical platform fea-
turing large f ×Q products ( kBT/h), low dissipation
(γ < (10 s)−1) and demonstrated compatibility with cav-
ity optomechanical cooling and quantum-limited detec-
tion, provides a powerful tool for nonlinear approaches
to quantum sensing and QND measurements of mechan-
ical degrees of freedom. In addition, our work also paves
the way towards the quantum manipulation of phononic
fields for studies of macroscopic entanglement.
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SUPPLEMENTARY INFORMATION
Photothermal frequency stabilization
The mechanical modes of the membrane are suscepti-
ble to large drifts in frequency due to temperature fluctu-
ations and the differential expansion between the silicon
substrate and the Silicon nitride membrane. We measure
drifts on the order of 500 Hz (103 - 104 γ) per Kelvin for
the modes studied in this work. Thus, resolving ther-
momechanical motion and non-thermal two-mode corre-
lations requires active sub-linewidth stabilization of the
mechanical eigenfrequencies.
The frequencies of the mechanical modes are stabilized
by photothermal control of the silicon substrate. Based
on our observation that temperature fluctuations cause
frequency drifts that are highly correlated across the var-
ious modes of the membrane, we implement active sta-
bilization by continuously monitoring the frequency of
a high-Q membrane mode at 2.736 MHz - far from the
modes that exhibit the two-mode nonlinearity studied
in this work. This ‘thermometer mode’ has a quality
factor in excess of 8 × 106 (γ/2pi < 340 mHz). Phase
sensitive detection of this mode results in an error signal
with an on-resonant phase slope of 5.91 radians/Hz. Ac-
tive photothermal stabilization of the substrate is accom-
plished with typical optical powers of 600 µW, leading to
rms frequency fluctuations of this thermometer mode be-
low 2 mHz (equivalent to temperature fluctuations of the
substrate of less than 2 µK). For the mechanical modes
relevant to this work, this stabilization translates to fre-
quency fluctuations less than 0.002× γ.
Nondegenerate parametric amplifier below threshold
: Phase-sensitive amplification
We model the nonlinear interaction between membrane
modes by a Hamiltonian given by Hij = −gXSxixj
where g is the interaction strength, XS is the displace-
ment of the substrate and xi,j represent the displacement
of the membrane modes. Within the rotating wave ap-
proximation, this results in equations of motion of the
form
z¨i + γiz˙i + ω
2
i zi =
1
mi
(Fi(t) +
g
2
ZSz
∗
j ) (4)
6and similar equations for the other membrane mode and
the substrate. Here, zi is the (complex) displacement
of the mode, Fi represents both the classical actuation
as well as thermomechanical noise forces and ω, γ are the
eigenfrequencies and mechanical linewidths. The coupled
equations of motion can be solved using the methods of
two time scale perturbation theory [30]. This gives rise
to coupled equations of the form
2A˙i = γi
[
−Ai + iχi
(g
2
A∗jAS + F˜i
)]
(5)
2A˙j = γj
[
−Aj + iχj
(g
2
A∗iAS + F˜j
)]
(6)
where zi = Aie
−iωit and we have ignored terms such
as A¨i, γiA˙i in the slow time approximation and F˜i,j are
the slowly varying (complex) amplitudes of the external
forces on the individual membrane modes. Even in the
absence of external forces F˜i,j , these coupled equations
allow for non-zero steady state amplitudes, i.e. paramet-
ric self-oscillation, above a threshold substrate amplitude
given by
XS,th = 2
√
1
g2
1
χiχj
(7)
While we focus on the below-threshold behavior of this
nondegenerate parametric amplifier in this work, these
coupled equations also accurately describe various non-
linear aspects of the amplifier above threshold [31].
In the presence of external actuation of the individ-
ual membrane modes and the substrate (‘pump’) mode,
i.e. F˜i,j 6= 0, AS 6= 0, the amplitude of each mode is a
coherent superposition of its individual response to the
external force and the down-converted phonons arising
from the two-mode nonlinearity. Thus, the complex am-
plitudes in steady state are given by
Ai =
ei(φi−pi/2)
1− µ2
(
χi|F˜i|+ µ√χiχj |F˜j |eiδφ
)
(8)
Aj =
ei(φj−pi/2)
1− µ2
(
χj |F˜j |+ µ√χiχj |F˜i|eiδφ
)
(9)
where µ = XS/XS,th is the pump amplitude normalized
to the threshold for parametric instability and δφ = φS−
φi − φj with φi,j,S being the various phases associated
with the external forces.
The above equation can be recast in terms of a phase-
dependent gain Gi,j(δφ) = |Ai,j |/|A0i,j | where A0i,j are
the steady state amplitudes of the respective modes in
the absence of down-conversion. This phase-dependent
gain is then given by
Gj(δφ) =
1
1− µ2
×
√√√√1 + µ2 χi
χj
(
|F˜i|
|F˜j |
)2
− 2µ
(
χi
χj
)1/2 |F˜i|
|F˜j |
cos(δφ)
=
1
1− µ2
√
1 + µ2η2 − 2µη cos(δφ) (10)
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S 1. Two-mode dissipation due to upconversion of energy
into the substrate. The normalized quality factors Q(x)/Q0
are shown for the measured dissipation of mode i due to ac-
tuation of mode j (green) and vice versa (blue), as a function
of displacement in linear (left) and log (right) scale. For com-
parison, typical amplitudes of thermomechanical motion are
in the range 0.1-0.2 pm. Solid lines show the fits of the data
to the two-mode model.
where η = (χj/χi)
1/2 × (x¯i/x¯j) and x¯i,j are the ampli-
tudes of the membrane modes in the absence of the pump.
A no-free-parameter fit of this expression is in agreement
with our data to within 5% (Fig. 3).
Two-mode control of mechanical dissipation
For sufficiently large amplitudes of membrane mo-
tion, the two-mode nonlinearity can result in the co-
herent upconversion of excitations into the substrate.
In our system, we typically measure quality factors of
QS ∼ 103 − 104 for the substrate modes (e.g. flexu-
ral modes), about three orders of magnitude lower than
those of the membrane. Due to the relatively large dis-
sipation rate of substrate modes (γS/γi,j > 10
3), this
upconversion process can be regarded as nonlinear two-
mode dissipation where the dissipation rate of a mode i
is influenced by the motion of its partner mode j.
The modified dissipation rate γi(xj) of a mode i can
be most easily seen by writing the coupled equations of
motion for the slowly varying amplitudes Ai,j,S . Here,
we assume that mode j is actuated externally to a large
amplitude in the absence of substrate (pump) actuation.
The coupled equations become
2A˙i + γiAi = γiχi
g
2
|Aj |AS (11)
2A˙S + γSAS = −γSχS g
2
|Aj |Ai (12)
where we assume that Aj is purely imaginary. Diagonal-
izing these equations leads to a modified damping rate of
7mode i given by
γi(x¯j) =
1
2
γS + γi −
√
(γS − γi)2 − γ2S
x¯2j
ξ2
 (13)
where ξ = 12 (γS/γi)
1/2(χj/χS)
1/2 × XS,th. This can
be recast in terms of a normalized quality factor
Qi(x¯j)/Qi,0 = (γi(x¯j)/γi)
−1 where Qi,0 is the quality
factor of membrane mode i in the absence of the two-
mode nonlinearity.
Our data are in excellent agreement with this expres-
sion for a wide range of mode pairs that were seen to ex-
hibit this two-mode nonlinearity (see, for example, Fig.
S1).
As can be seen in Fig. S1, a significant modification
to the dissipation rate of a membrane mode i requires
large amplitude actuation of its partner mode j, typi-
cally over 4-5 orders of magnitude larger than thermo-
mechanical amplitudes and much larger than the typical
scale of motion for the studies presented in this work.
Thus, while these measurements constitute an important
validation of our two-mode model, the two-mode contri-
bution to the individual dissipation rates are negligible
for our studies on parametric amplification and thermo-
mechanical squeezing.
Thermomechanical two-mode squeezing
The nondegenerate parametric amplifier, when driven
below threshold, develops correlations between the non-
degenerate modes. These correlations are manifest as a
squeezing of a composite quadrature formed from linear
combinations of the individual membrane modes. We
analyze the coupled equations for the membrane mode
under the influence of a classical actuation of the sub-
strate mode below threshold. Furthermore, we assume
that the membrane modes are subject to thermomechan-
ical noise forces. The influence of such noise forces on the
substrate mode can be neglected due to the large classical
drive imposed on this mode. Finally, for each membrane
mode, we distinguish between its mean amplitude and its
fluctuations by writing zi,j = (A¯i,j + δAi,j)e
−iωi,jt where
〈δAi,j〉 = 0. The coupled equations for the fluctuations
can be written as
2
 δA˙iδA˙j
δA˙S

=
 −γi 0 iγiχi g2 A¯∗j0 −γj iγjχj g2 A¯∗i
iγSχS
g
2 A¯j iγSχS
g
2 A¯i −γS
 δAiδAj
δAS

+
 0 iγiχi g2 A¯S 0iγjχj g2 A¯S 0 0
0 0 0
 δA∗iδA∗j
δA∗S

+ i
 γiχiFiγjχjFj
γSχSFS

where the thermomechanical noise forces obey
〈Fi(t)〉 = 〈Fi(t)Fj(t′)〉 = 0, (14)
〈Fi(t)F ∗j (t+ τ)〉 = 8γimikBTδijδ(τ) (15)
Using the decomposition
δA = δ~α+ iδ~β (16)
v = vα + ivβ (17)
where δA = (δAi, δAj , δAS)
T ,
v = i2 (γiχiFi, γjχjFj , γSχSFS)
T , etc. leads to the fol-
lowing equations of motion
δ~˙α = Mαδ~α+ vα (18)
δ~˙β = Mβδ~β + vβ (19)
where
Mα,β =
1
2
 −γi ±γiχi g2 |A¯S | γiχi g2 |A¯j |±γjχj g2 |A¯S | −γj −γjχj g2 |A¯i|−γSχS g2 |A¯j | γSχS g2 |A¯i| −γS

(20)
and the elements of vα,β satisfy 〈vi〉 = 0, 〈vk(t)vl(t +
τ)〉 = γlkBT
mlω2l
δklδ(τ). The spectrum in steady state is
thus given by the matrix equation
Sα,β(ω) =
1
2pi
(Mα,β + iωI)
−1D(MTα,β − iωI)−1 (21)
where I is the identity and
D = kBT

γi
miω2i
0 0
0
γj
mjω2j
0
0 0 γS
Mω2S
 (22)
is the diffusion matrix.
The zero-time correlations in steady state can be ob-
tained from the spectrum using the Wiener-Khintchine
8theorem, and are given by
〈δαiδαi〉 = kBT
miω2i
1
1− µ2
[
1− δµ2 + µ2 γj
2γ¯
(
ωi
ωj
− 1
)]
〈δαjδαj〉 = kBT
mjω2j
1
1− µ2
[
1 + δµ2 + µ2
γi
2γ¯
(
ωj
ωi
− 1
)]
〈δαiδαj〉 = kBT√
miω2i
√
mjω2j
[
µ(1− δ2)1/2
2(1− µ2)
(√
ωi
ωj
+
√
ωj
ωi
)]
where δ = (γi−γj)/(γi +γj) is the ‘loss asymmetry’ and
γ¯ = (γi + γj)/2.
In our measurements, we quantify the degree of
two-mode squeezing by defining cross-quadratures con-
structed from {αi,j , βi,j} normalized to their respective
thermomechanical amplitudes, according to the relations
xa,b = (αi ± αj)/
√
2, ya,b = (βi ± βj)/
√
2. The standard
deviations of these cross-quadratures can be obtained
from the above expressions. These are shown in Fig. 4
for the independently measured parameters of our nonde-
generate parametric amplifier. These data are obtained
with a measurement filter bandwidth of ∆ν = 10 Hz, i.e.
∆ν > 102γi,j . Thus, the correlations calculated above by
integrating over all frequencies (i.e. infinite bandwidth),
are a good approximation to our measurements. As can
be expected, the degree of squeezing increases monotoni-
cally with decreasing filter bandwidth, reaching the 6 dB
limit for ∆ν < γi,j/2pi in the case of symmetric dissipa-
tion rates, i.e. δ = 0 [31].
